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Mach-Zehnder interferometer is a common device in quantum phase estimation and the photon
losses in it are an important issue for achieving a high phase accuracy. Here we thoroughly discuss
the precision limit of the phase in the Mach-Zehnder interferometer with a coherent state and a
superposition of coherent states as input states. By providing a general analytical expression of
quantum Fisher information, the phase-matching condition and optimal initial parity are given.
Especially, in the photon loss scenario, the sensitivity behaviors are analyzed and specific strategies
are provided to restore the phase accuracies for symmetric and asymmetric losses.
I. INTRODUCTION
Quantum metrology, an emerging quantum technology, has been widely studied [1–13] and applied in various sci-
encfic tasks in recent years, including the detection of gravitational wave [14–16], quantum imaging [17–20] and even
biology science [21]. Quantum phase estimation via interferometers is an important topic in quantum metrology. A
successful example of phase estimation with interferometers is the Laser Interferometer Gravitational-Wave Observa-
tory (LIGO), which has already catch the signal of gravitational waves [22] in 2015. Another two on-going projects
LISA [23] and TianQin [24] are also based on the orbital optical interferometers. Hence, the study of optical phase
estimation, especially quantum phase estimation, will definitely promote the technological development in these fields,
and may even breed the next-generation detectors for gravitational waves and dark matters.
A su(2) interferometer can be constructed via a Mach-Zehnder interferometer, which typically consists of two beam
splitters and one phase shift in one arm, as shown in Fig. 1. Since Caves found the effects of vacuum fluctuation to
the phase accuracy in Mach-Zehnder interferometers [25], various types of input states have been discussed, including
squeezed state[25–28], NOON state [29–31], entangled coherent state [32–38], BAT state [39], and number squeezed
state [40].
A powerful theoretical tool in quantum parameter estimation to depict the precision limit is the quantum Cramér-
Rao bound, which is δφˆ ≥ 1/√µF [41–44]. Here δφˆ is the standard deviation of parameter φ with unbiased estimator
φˆ, µ is the repeated number of experiments and F is the quantum Fisher information (QFI). The most useful resource
in the Mach-Zehnder interferometer is the average photon numer n¯, of which the corresponding standard quantum
limit for δφˆ is 1/
√
n¯ and the Heisenberg limit (or Heisenberg scaling) is 1/n¯.
Noise is the major obstacle for obtaining high precision result in quantum parameter estimation. For a large-scale,
especially an in-orbit quantum interferometer (in the size of LISA and TianQin), the photon losses between the
satellites could be an important issue for a high phase sensitivity. Therefore, fully understanding on the sensitivity
behaviors under photon losses in the interferometer could help to restore a high precision as required. Many lossy
scenarios with different input states have been discussed in the literature [32, 33, 45–48]. It is common to simulate the
photon losses with fictitious beam splitters in theory, as shown in Fig. 1. In this paper, we discuss the precision limit of
a Mach-Zehnder interferometer with a coherent state and a superposition of coherent states as the input states. Both
perfect and imperfect (with photon losses) scenarios are considered and the analytical expression of QFI is provided.
With this expression, the phase-matching condition (PMC) of the input states and the optimal QFI are calculated.
For the imperfect scenario, symmetric and asymmetric losses are both studied and corresponding strategies to restore
the accuracy are provided.
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Figure 1. Schematic of an Mach-Zehnder Interferometer. The input ports are labeled as A and B. The photon losses in the
interferometer are simulated with two fictitious beam splitters, with corresponding operators BT1AC and B
T2
BD. Here C and D are
fictitious ports and T1, T2 are transmission rates. No photon losses exist for T1 = T2 = 1.
II. PRELIMINARY KNOWLEDGE
The quantum Fisher information (QFI) for a parameter φ is defined as F := Tr(ρφL2), where ρφ is the parameterized
state and L is the symmetric logarithmic derivative operator satisfying ∂φρφ = 12 (Lρφ + ρφL). Several methods for
the calculation of QFI have been developed in recent years [49–55]. Utilizing the spectral decomposition ρφ =∑M
i=1 pi|ψi〉〈ψi|, with M , pi and |ψi〉 the dimension of the support for the matrix, the eigenvalues and eigenstates of
ρφ, the QFI can be expressed by [49–51]:
F =
M∑
i=1
(∂φpi)
2
pi
+
M∑
i=1
4pi〈∂φψi|∂φψi〉 −
M∑
i,j=1
8pipj
pi + pj
|〈ψi|∂φψj〉|2. (1)
For the unitary parameterization process ρφ = e−iHφρeiHφ, with H a Hermitian operator, the expression of the QFI
reduces to
F =
M∑
i=1
4pi〈ψi|H2|ψi〉 −
M∑
i,j=1
8pipj
pi + pj
|〈ψi|H|ψj〉|2. (2)
Furthermore, for a pure state |ψφ〉, it reduces to
F = 4
(〈ψφ|H2|ψφ〉 − |〈ψφ|H|ψφ〉|2) . (3)
In this paper, we focus on the phase estimation in the Mach-Zehnder interferometer, as shown in Fig. 1. The
interferometer consists of two beam splitters and a phase shift. The two beam splitters are usually taken as 50:50
beam splitters, which in theory can be expressed by Bx
(±pi2 ) = exp (±ipi2 JABx ). Here JABx is a Schwinger operator
defined as JABx =
1
2 (a
†b + b†a) with a (b) the annihilation operator for port A (B) and a† (b†) the corresponding
creation operators. The other two Schwinger operators are JABy =
1
2i (a
†b − b†a) and JABz = 12 (a†a − b†b). The
Schwinger operators satisfy the su(2) algebra. The operator for the phase shift is U(φ) = exp
(
iφJABz
)
. For a perfect
Mach-Zehnder interferometer, one expression of the entire setup can be written as the unitary operator below [56]
UMZ = Bx
(
−pi
2
)
U(φ)Bx
(pi
2
)
= exp
(−iφJABy ) . (4)
The photon loss in the interferometer is usually depicted via fictitious beam splitters in theory. The effect of a
general beam splitter for ports X and Y in quantum optics can be written as BTXY = exp
(
i2 arccos
√
TJXYx
)
[47, 48],
where T is the transmission rate. When T = 1 (T = 0), all photons are transimitted (reflected). In many scenarios,
especially in the large-scale interferometers, the optical path length is long and the dispersion of light spot is inevitable
3during the propagation, which will cause photon losses at the second beam splitter. In this paper, ports A and B are
input ports of the interferometer and ports C and D are the fictitious ports for photon losses. The effects of fictitious
beam splitters are expressed by BT1AC and B
T2
BD. The arm with respect to port A (B) has no photon losses for T1 = 1
(T2 = 1) and all photons are lost for T1 = 0 (T2 = 0).
III. PERFECT INTERFEROMETER
For the perfect interferometer and with a pure input state, the QFI can be directly obtained by substituting Eq. (4)
into Eq. (3), which is
F =
(
2n¯An¯B + n¯A + n¯B − 2|〈a〉|2|〈b〉|2
) − 2Re(〈a2〉〈b†2〉 − 〈a〉2〈b†〉2) ,
where Re(·) represent the real part and n¯A = 〈a†a〉, n¯B = 〈b†b〉 are the average photon numbers for both arms.
Taking a coherent state |β〉 as the input state for port A, and an arbitrary pure state |ψ〉 for port B, n¯A = |〈a〉|2 =
|β|2. The QFI then reads
F = 2n¯A
(
n¯B − |〈b〉|2
)
+ n¯A + n¯B − 2Re
[
β2
(
〈b†2〉 − 〈b†〉2
)]
. (5)
For a given |ψ〉, F only depends on the value of β, and the PMC optimizing the QFI is∣∣Arg (β2)−Arg (〈b2〉 − 〈b〉2)∣∣ = pi, (6)
where Arg(·) is the argument. With this condition, the optimal QFI can be calculated as
Fm = 2n¯A
(
n¯B − |〈b〉|2 +
∣∣〈b2〉 − 〈b〉2∣∣)+ n¯A + n¯B. (7)
Next we take the input state in port B as the superposition of two coherent states |α〉 and | − α〉, i.e.,
|ψ〉 = Nα(|α〉+ eiΘ| − α〉), (8)
where Θ ∈ [0, 2pi) is the relative phase and the normalization factor Nα reads Nα = (2 + 2e−2|α|2 cos Θ)−1/2. In the
following we denote β = |β|eiΦA , α = |α|eiΦB , with ΦA, ΦB the arguments of β and α. Through some straightforward
calculation, the PMC for optimal QFI can be written as
|ΦA − ΦB| = pi
2
, (9)
which coincides with the case that using a coherent superposition state in port B [57], namely, the relative phase Θ
doesn’t affect the PMC. Under this condition, the maximal QFI reads
Fm = n¯A(2|α|2 + 1) + n¯B(2n¯A + 1). (10)
Utilizing the equations n¯A = |β|2 and n¯B = 2N2α|α|2(1− e−2|α|
2
cos Θ), the maximal Fm can be reached when Θ = pi,
which means taking into account the PMC, the QFI can be further improved with an initial odd parity of |ψ〉.
Now we compare Fm with Heisenberg scaling. Denote n¯ = n¯A + n¯B as the average total input photon number,
Eq. (10) can then be rewritten into Fm = n¯+2n¯A(n¯B+|α|2). For a large |α|, n¯B ≈ |α|2, Fm ≈ n¯+4n¯An¯B = n¯+n¯2−(δn¯)2
with δn¯ = n¯A− n¯B the photon difference between two ports. When δn¯ is small (compared to n¯), Fm reduces to n¯+ n¯2,
i.e., Fm ∝ n¯2, indicating the QFI under PMC can reach the Heisenberg scaling even no initial parity exists in |ψ〉.
Furthermore, it can be found that
Fm ≤ 〈nˆ2〉, (11)
which can be proved as Fm − 〈nˆ2〉 = −(|β|2 − |α|2)2 ≤ 0. Here we used 〈nˆ2〉 = n¯2A + 2n¯An¯B + n¯ + |α|4. This upper
bound can be achieved for |β| = |α|. To satisfy this condition, one can take β = αei(Φ+pi2 ) with Φ the relative phase
between the values of α and β, hence the total input state is Nα|αei(Φ+pi2 )〉A ⊗ (|α〉B + eiΘ| − α〉B). According to
Eq. (6), the PMC is Φ = 0 or pi, which is indeed independent of Θ.
4IV. IMPERFECT INTERFEROMETER
For an imperfect Mach-Zehnder interferometer, the total effect cannot be treated as an unitary operation. As
discussed in the previous section, the photon losses are simulated with beam splitters BT1AC = exp[i2 arccos
√
T1J
AC
x ]
and BT2BD = exp[i2 arccos
√
T2J
BD
x ]. Here JACx =
1
2 (a
†c + c†a), JBDx =
1
2 (b
†d + d†b) with c (c†) and d (d†) the
annihilation (creation) operators of the fictitious lossy ports C and D. We take the total input state as
Nα|αei(Φ+pi2 )〉A
(|α〉B + eiΘ| − α〉B) . (12)
After the photon losses, the state becomes a mixed state, which can be written as (the basis information and
detailed calculation can be found in the appendix)
ρ1 = N
2
α
(
1 + p2t + 2e
−2|α|2 cos Θ
√
1− p2t
(
pt + pre
−iΘ) ei|α|2δT sin Φ√
1− p2t
(
pt + pre
iΘ
)
e−i|α|
2δT sin Φ 1− p2t
)
, (13)
where pt = e−|α|
2T , pr = e−|α|
2R and T = T1 + T2 is the total transmission rate of the photon losses, R = 2 − T is
the total reflection rate, δT = T1−T2 is the transmission difference between the two ports. Since the last 50:50 beam
splitter in the interferometer does not affect the value of QFI as it is independent of θ, the total effect of the lossy
interferometer is equivalent to perform the phase shift transform U(θ) to ρ1. Denote the eigenvalues and eigenstates
of ρ1 as λ± and |λ±〉, respectively, the QFI can be expressed by
F =
∑
i=±
4λi〈λi|(JABz )2|λi〉 −
∑
i,j=±
8λiλj
λi + λj
|〈λi|JABz |λj〉|2. (14)
Utilizing the expressions of λ± and |λ±〉 (given in the appendix) and through some tedious calculation, the specific
expression of QFI can be written as
F =2(δT )2
N6α|α|4pt
∆(1− p2t )
[
4pr(pr + pt cos Θ)(pt + pr cos Θ)− ∆
N4α
pt
]
−16(δT )2N
8
α
∆
|α|4(1− p2r)e−4|α|
2
sin2 Θ + 2δTN2α|α|2e−2|α|
2
(4TN2α|α|2 − 1) sin Θ sin Φ
+2T 2|α|4N2α
[
1− 2N2α(1− p2r)−
(
∆
2N2α
+ 2N2αe
−4|α|2 sin2 Θ
)
sin2 Φ
]
+ 2TN2α|α|2. (15)
where ∆ = 1− 4 det ρ1 = 1− 4N4α(1− p2r)(1− p2t ). Next we will discuss the PMCs and maximum QFIs for symmetric
and asymmetric losses scenarios.
A. Symmetric losses
We first consider the symmetric losses case. In this case, the transmission rate in both arms are equivalent, i.e.,
δT = 0. With this condition, the QFI in Eq. (15) reduces to
F = 2T 2|α|4N2α
[
1− 2N2α(1− p2r)−
(
∆
2N2α
+ 2N2αe
−4|α|2 sin2 Θ
)
sin2 Φ
]
+ 2TN2α|α|2. (16)
To maximize F , the corresponding PMC is Φ = 0 or pi, which is the same with lossless case. Utilizing the PMC, Fm
is in the form
Fm = 2TN
2
α|α|2
{
1 + T |α|2 [1− 2N2α(1− p2r)]} . (17)
Recall the fact that Nα is a function of Θ, Fm can be further improved by optimizing Θ. Utilizing the equation
∂Fm
∂N2α
= 0, it can be found the extremal value of Fm is reached at
N2α = Nex :=
1 + T |α|2
4T |α|2(1− p2r)
(18)
5Nex <
1
2(1 + e 2|↵|2)
<latexit sha1_base64="NCaFubAGlAZr5+f1eMuLg02vh4A=">AAACGnicbVDLSgMxFM34tr6qLt0Ei1ARy2QQdOGi6MaVKFgtdNqSSe/Y0MyDJCOWON/hxl9 x40IRd+LGvzGtXWj1QOBwzr3cnBOkgivtup/OxOTU9Mzs3HxhYXFpeaW4unapkkwyqLFEJLIeUAWCx1DTXAuopxJoFAi4CnrHA//qBqTiSXyh+yk0I3od85Azqq3ULpLTtvEjqrsyMnCb5/gQ+6GkzJDceGWyAy2z6935VKRdetfy8u28XSy5FXcI/JeQESmhEc7axXe/k7AsglgzQZVqEDfVTUOl5kxAXvAzBSllPXoNDUtjGoFq mmG0HG9ZpYPDRNoXazxUf24YGinVjwI7OUihxr2B+J/XyHR40DQ8TjMNMfs+FGYC6wQPesIdLoFp0beEMsntXzHrUtuMtm0WbAlkPPJfculViFsh53ul6tGojjm0gTZRGRG0j6roBJ2hGmLoHj2iZ/TiPDhPzqvz9j064Yx21tEvOB9fYdqgbA==</latexit><latexit sha1_base64="NCaFubAGlAZr5+f1eMuLg02vh4A=">AAACGnicbVDLSgMxFM34tr6qLt0Ei1ARy2QQdOGi6MaVKFgtdNqSSe/Y0MyDJCOWON/hxl9 x40IRd+LGvzGtXWj1QOBwzr3cnBOkgivtup/OxOTU9Mzs3HxhYXFpeaW4unapkkwyqLFEJLIeUAWCx1DTXAuopxJoFAi4CnrHA//qBqTiSXyh+yk0I3od85Azqq3ULpLTtvEjqrsyMnCb5/gQ+6GkzJDceGWyAy2z6935VKRdetfy8u28XSy5FXcI/JeQESmhEc7axXe/k7AsglgzQZVqEDfVTUOl5kxAXvAzBSllPXoNDUtjGoFq mmG0HG9ZpYPDRNoXazxUf24YGinVjwI7OUihxr2B+J/XyHR40DQ8TjMNMfs+FGYC6wQPesIdLoFp0beEMsntXzHrUtuMtm0WbAlkPPJfculViFsh53ul6tGojjm0gTZRGRG0j6roBJ2hGmLoHj2iZ/TiPDhPzqvz9j064Yx21tEvOB9fYdqgbA==</latexit><latexit sha1_base64="NCaFubAGlAZr5+f1eMuLg02vh4A=">AAACGnicbVDLSgMxFM34tr6qLt0Ei1ARy2QQdOGi6MaVKFgtdNqSSe/Y0MyDJCOWON/hxl9 x40IRd+LGvzGtXWj1QOBwzr3cnBOkgivtup/OxOTU9Mzs3HxhYXFpeaW4unapkkwyqLFEJLIeUAWCx1DTXAuopxJoFAi4CnrHA//qBqTiSXyh+yk0I3od85Azqq3ULpLTtvEjqrsyMnCb5/gQ+6GkzJDceGWyAy2z6935VKRdetfy8u28XSy5FXcI/JeQESmhEc7axXe/k7AsglgzQZVqEDfVTUOl5kxAXvAzBSllPXoNDUtjGoFq mmG0HG9ZpYPDRNoXazxUf24YGinVjwI7OUihxr2B+J/XyHR40DQ8TjMNMfs+FGYC6wQPesIdLoFp0beEMsntXzHrUtuMtm0WbAlkPPJfculViFsh53ul6tGojjm0gTZRGRG0j6roBJ2hGmLoHj2iZ/TiPDhPzqvz9j064Yx21tEvOB9fYdqgbA==</latexit><latexit sha1_base64="NCaFubAGlAZr5+f1eMuLg02vh4A=">AAACGnicbVDLSgMxFM34tr6qLt0Ei1ARy2QQdOGi6MaVKFgtdNqSSe/Y0MyDJCOWON/hxl9 x40IRd+LGvzGtXWj1QOBwzr3cnBOkgivtup/OxOTU9Mzs3HxhYXFpeaW4unapkkwyqLFEJLIeUAWCx1DTXAuopxJoFAi4CnrHA//qBqTiSXyh+yk0I3od85Azqq3ULpLTtvEjqrsyMnCb5/gQ+6GkzJDceGWyAy2z6935VKRdetfy8u28XSy5FXcI/JeQESmhEc7axXe/k7AsglgzQZVqEDfVTUOl5kxAXvAzBSllPXoNDUtjGoFq mmG0HG9ZpYPDRNoXazxUf24YGinVjwI7OUihxr2B+J/XyHR40DQ8TjMNMfs+FGYC6wQPesIdLoFp0beEMsntXzHrUtuMtm0WbAlkPPJfculViFsh53ul6tGojjm0gTZRGRG0j6roBJ2hGmLoHj2iZ/TiPDhPzqvz9j064Yx21tEvOB9fYdqgbA==</latexit>
Nex >
1
2(1  e 2|↵|2)
<latexit sha1_base64="worQqe5yFaGop1uLpBPzFfgTI6U=">AAACG nicbVDLSgMxFM34tr6qLt0Ei1AXLZMi6EqKblyJgrWFTlsy6R0bzDxIMmKJ8x1u/BU3LhRxJ278G9PHQlsPBA7n3MvNOX4iuNKu++3MzM7NLywuLed WVtfWN/KbW9cqTiWDGotFLBs+VSB4BDXNtYBGIoGGvoC6f3s68Ot3IBWPoyvdT6AV0puIB5xRbaVOnpx3jBdS3ZOhgfssw8fYCyRlhmSmUiQlaJtS 5cGjIunRh3Yl2886+YJbdofA04SMSQGNcdHJf3rdmKUhRJoJqlSTuIluGSo1ZwKynJcqSCi7pTfQtDSiIaiWGUbL8J5VujiIpX2RxkP194ahoVL90 LeTgxRq0huI/3nNVAdHLcOjJNUQsdGhIBVYx3jQE+5yCUyLviWUSW7/ilmP2ma0bTNnSyCTkafJdaVM3DK5PChUT8Z1LKEdtIuKiKBDVEVn6ALVEEO P6Bm9ojfnyXlx3p2P0eiMM97ZRn/gfP0AaE6gcA==</latexit><latexit sha1_base64="worQqe5yFaGop1uLpBPzFfgTI6U=">AAACG nicbVDLSgMxFM34tr6qLt0Ei1AXLZMi6EqKblyJgrWFTlsy6R0bzDxIMmKJ8x1u/BU3LhRxJ278G9PHQlsPBA7n3MvNOX4iuNKu++3MzM7NLywuLed WVtfWN/KbW9cqTiWDGotFLBs+VSB4BDXNtYBGIoGGvoC6f3s68Ot3IBWPoyvdT6AV0puIB5xRbaVOnpx3jBdS3ZOhgfssw8fYCyRlhmSmUiQlaJtS 5cGjIunRh3Yl2886+YJbdofA04SMSQGNcdHJf3rdmKUhRJoJqlSTuIluGSo1ZwKynJcqSCi7pTfQtDSiIaiWGUbL8J5VujiIpX2RxkP194ahoVL90 LeTgxRq0huI/3nNVAdHLcOjJNUQsdGhIBVYx3jQE+5yCUyLviWUSW7/ilmP2ma0bTNnSyCTkafJdaVM3DK5PChUT8Z1LKEdtIuKiKBDVEVn6ALVEEO P6Bm9ojfnyXlx3p2P0eiMM97ZRn/gfP0AaE6gcA==</latexit><latexit sha1_base64="worQqe5yFaGop1uLpBPzFfgTI6U=">AAACG nicbVDLSgMxFM34tr6qLt0Ei1AXLZMi6EqKblyJgrWFTlsy6R0bzDxIMmKJ8x1u/BU3LhRxJ278G9PHQlsPBA7n3MvNOX4iuNKu++3MzM7NLywuLed WVtfWN/KbW9cqTiWDGotFLBs+VSB4BDXNtYBGIoGGvoC6f3s68Ot3IBWPoyvdT6AV0puIB5xRbaVOnpx3jBdS3ZOhgfssw8fYCyRlhmSmUiQlaJtS 5cGjIunRh3Yl2886+YJbdofA04SMSQGNcdHJf3rdmKUhRJoJqlSTuIluGSo1ZwKynJcqSCi7pTfQtDSiIaiWGUbL8J5VujiIpX2RxkP194ahoVL90 LeTgxRq0huI/3nNVAdHLcOjJNUQsdGhIBVYx3jQE+5yCUyLviWUSW7/ilmP2ma0bTNnSyCTkafJdaVM3DK5PChUT8Z1LKEdtIuKiKBDVEVn6ALVEEO P6Bm9ojfnyXlx3p2P0eiMM97ZRn/gfP0AaE6gcA==</latexit><latexit sha1_base64="worQqe5yFaGop1uLpBPzFfgTI6U=">AAACG nicbVDLSgMxFM34tr6qLt0Ei1AXLZMi6EqKblyJgrWFTlsy6R0bzDxIMmKJ8x1u/BU3LhRxJ278G9PHQlsPBA7n3MvNOX4iuNKu++3MzM7NLywuLed WVtfWN/KbW9cqTiWDGotFLBs+VSB4BDXNtYBGIoGGvoC6f3s68Ot3IBWPoyvdT6AV0puIB5xRbaVOnpx3jBdS3ZOhgfssw8fYCyRlhmSmUiQlaJtS 5cGjIunRh3Yl2886+YJbdofA04SMSQGNcdHJf3rdmKUhRJoJqlSTuIluGSo1ZwKynJcqSCi7pTfQtDSiIaiWGUbL8J5VujiIpX2RxkP194ahoVL90 LeTgxRq0huI/3nNVAdHLcOjJNUQsdGhIBVYx3jQE+5yCUyLviWUSW7/ilmP2ma0bTNnSyCTkafJdaVM3DK5PChUT8Z1LKEdtIuKiKBDVEVn6ALVEEO P6Bm9ojfnyXlx3p2P0eiMM97ZRn/gfP0AaE6gcA==</latexit>
Nex 2

1
2(1 + e 2|↵|2)
,
1
2(1  e 2|↵|2)
 
<latexit sha1_base64="XKyMsTTx+ZQaYlFKdomzKUt73nw=">AAACSnicbVBBSxtBGJ1NbWtTW9N67GVoKCitYTcU9Cj10lOx0KiQXcO3k2+TwdnZZeZbMYz7+7x48tYf4aUHRbx0EnNQ44OBx 3vv45vvpaWSlsLwb9B4sfTy1evlN823K+/er7Y+fNy3RWUE9kShCnOYgkUlNfZIksLD0iDkqcKD9Hh36h+coLGy0H9oUmKSw0jLTAogLw1a8Gvg4hxobHKHp3XNY6l5rDCjfpwZEC6qXXc9+opHbrN7FoMqx3B21K036m/8YWBzMRAbORpTMmi1w044A18k0Zy02Rx7g9ZlPCxElaMmocDafhSWlDgwJIXCuhlXFksQxzDCvqcacrSJm1VR8y9eGfKsMP5p4jP14YSD3NpJnvrk9Gr71JuKz3n9irLtx EldVoRa3C/KKsWp4NNe+VAaFKQmnoAw0v+VizH4gsi33/QlRE9PXiT73U4UdqLf39s7P+Z1LLNP7DNbZxHbYjvsJ9tjPSbYObti1+wmuAj+BbfB3X20Ecxn1tgjNJb+A+tcssc=</latexit><latexit sha1_base64="XKyMsTTx+ZQaYlFKdomzKUt73nw=">AAACSnicbVBBSxtBGJ1NbWtTW9N67GVoKCitYTcU9Cj10lOx0KiQXcO3k2+TwdnZZeZbMYz7+7x48tYf4aUHRbx0EnNQ44OBx 3vv45vvpaWSlsLwb9B4sfTy1evlN823K+/er7Y+fNy3RWUE9kShCnOYgkUlNfZIksLD0iDkqcKD9Hh36h+coLGy0H9oUmKSw0jLTAogLw1a8Gvg4hxobHKHp3XNY6l5rDCjfpwZEC6qXXc9+opHbrN7FoMqx3B21K036m/8YWBzMRAbORpTMmi1w044A18k0Zy02Rx7g9ZlPCxElaMmocDafhSWlDgwJIXCuhlXFksQxzDCvqcacrSJm1VR8y9eGfKsMP5p4jP14YSD3NpJnvrk9Gr71JuKz3n9irLtx EldVoRa3C/KKsWp4NNe+VAaFKQmnoAw0v+VizH4gsi33/QlRE9PXiT73U4UdqLf39s7P+Z1LLNP7DNbZxHbYjvsJ9tjPSbYObti1+wmuAj+BbfB3X20Ecxn1tgjNJb+A+tcssc=</latexit><latexit sha1_base64="XKyMsTTx+ZQaYlFKdomzKUt73nw=">AAACSnicbVBBSxtBGJ1NbWtTW9N67GVoKCitYTcU9Cj10lOx0KiQXcO3k2+TwdnZZeZbMYz7+7x48tYf4aUHRbx0EnNQ44OBx 3vv45vvpaWSlsLwb9B4sfTy1evlN823K+/er7Y+fNy3RWUE9kShCnOYgkUlNfZIksLD0iDkqcKD9Hh36h+coLGy0H9oUmKSw0jLTAogLw1a8Gvg4hxobHKHp3XNY6l5rDCjfpwZEC6qXXc9+opHbrN7FoMqx3B21K036m/8YWBzMRAbORpTMmi1w044A18k0Zy02Rx7g9ZlPCxElaMmocDafhSWlDgwJIXCuhlXFksQxzDCvqcacrSJm1VR8y9eGfKsMP5p4jP14YSD3NpJnvrk9Gr71JuKz3n9irLtx EldVoRa3C/KKsWp4NNe+VAaFKQmnoAw0v+VizH4gsi33/QlRE9PXiT73U4UdqLf39s7P+Z1LLNP7DNbZxHbYjvsJ9tjPSbYObti1+wmuAj+BbfB3X20Ecxn1tgjNJb+A+tcssc=</latexit><latexit sha1_base64="XKyMsTTx+ZQaYlFKdomzKUt73nw=">AAACSnicbVBBSxtBGJ1NbWtTW9N67GVoKCitYTcU9Cj10lOx0KiQXcO3k2+TwdnZZeZbMYz7+7x48tYf4aUHRbx0EnNQ44OBx 3vv45vvpaWSlsLwb9B4sfTy1evlN823K+/er7Y+fNy3RWUE9kShCnOYgkUlNfZIksLD0iDkqcKD9Hh36h+coLGy0H9oUmKSw0jLTAogLw1a8Gvg4hxobHKHp3XNY6l5rDCjfpwZEC6qXXc9+opHbrN7FoMqx3B21K036m/8YWBzMRAbORpTMmi1w044A18k0Zy02Rx7g9ZlPCxElaMmocDafhSWlDgwJIXCuhlXFksQxzDCvqcacrSJm1VR8y9eGfKsMP5p4jP14YSD3NpJnvrk9Gr71JuKz3n9irLtx EldVoRa3C/KKsWp4NNe+VAaFKQmnoAw0v+VizH4gsi33/QlRE9PXiT73U4UdqLf39s7P+Z1LLNP7DNbZxHbYjvsJ9tjPSbYObti1+wmuAj+BbfB3X20Ecxn1tgjNJb+A+tcssc=</latexit>
⇥ = ⇡
<latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I tQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TL SQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOI pwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I tQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TL SQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOI pwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I tQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TL SQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOI pwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0I tQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TL SQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOI pwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit>
⇥ = 0
<latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0It Q9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT 75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65 IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0It Q9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT 75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65 IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0It Q9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT 75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65 IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0It Q9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT 75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65 IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit>
Figure 2. The values of max
Θ
Fm as a function of T and |α|. The areas below the solid black line, above the dashed black line
and between these lines represent the regimes that Nex < (2 + 2e−2|α|
2
)−1 (optimal Θ is 0), Nex > (2 − 2e−2|α|2)−1 (optimal
Θ is pi) and Nex ∈ [(2 + 2e−2|α|2)−1, (2− 2e−2|α|2)−1]. The PMC here is Φ = 0, pi. max
Θ
Fm takes the logarithmic values in the
figure.
and due to the fact ∂
2Fm
(∂N2α)
2 < 0, this extremal value is the maximum value. One may notice that N2α is a bounded
function with respect to Θ,
N2α ∈
[
1
2(1 + e−2|α|2)
,
1
2(1− e−2|α|2)
]
, (19)
where the lower and upper bounds of N2α can be attained at Θ = 0 and pi, respectively. To obtain the actual maximum
value of Fm, whether Nex locates in above regime needs to be considered. The specific relation between Nex and above
regime is shown in Fig. 2. The areas below the solid black line and above the dashed black line represent the regimes
that Nex < (2 + 2e−2|α|
2
)−1 and Nex > (2 − 2e−2|α|2)−1, respectively. The area between these lines represents the
regime that Nex ∈
[
(2 + 2e−2|α|
2
)−1, (2− 2e−2|α|2)−1
]
.
In the regime that Nex > (2− 2e−2|α|2)−1. Nex is not attainable and the maximum value of Fm with respect to Θ
is obtained at Θ = pi, namely, an initial odd parity is required. In this case,
max
Θ
Fm =
T |α|2
1− e−2|α|2
[
1 + T |α|2
(
1− 1− e
−2|α|2R
1− e−2|α|2
)]
. (20)
Similarly, in the regime that Nex < (2 + 2e−2|α|
2
)−1, Nex is also not attainable and the maximum value of Fm with
respect to Θ is obtained at Θ = 0, namely, an initial even parity is required for optimal Fm. In this case,
max
Θ
Fm =
T |α|2
1 + e−2|α|2
[
1 + T |α|2
(
1− 1− e
−2|α|2R
1 + e−2|α|2
)]
. (21)
In the regime that Nex ∈ [(2 + 2e−2|α|2)−1, (2− 2e−2|α|2)−1], Nex is reachable and the maximum Fm can be attained
at N2α = Nex. The maximum Fm reads
max
Θ
Fm =
(
1 + T |α|2)2
4(1− e−2|α|2R) . (22)
The optimal Θ satisfies the following equation
cos Θ =
−2T |α|2e−2|α|2(1−T ) + (T |α|2 − 1)e2|α|2
1 + T |α|2 . (23)
6Figure 3. The difference between Eq. (15) and T |α|2 under the PMC Φ = 0. The expression T |α|2 is a good approximation
from |α| ≈ 3 for the coefficients values in the figure. A larger transmission rate T requires a larger |α| for this approximation.
In this regime, the optimal Θ relies on the values of T , |α| and both odd and even input states are non-optimal.
From the lines shown in Fig. 2, it can be seen the area between the lines is small, which means for most values of
T and |α|, Nex is out of the regime
[
(2 + 2e−2|α|
2
)−1, (2− 2e−2|α|2)−1
]
, and initial parity will befenit the precision
limit. Besides, though the PMC here is not changed compared to the lossless scenario, the maximum Fm with respect
to Θ is different for different parameter regimes as discussed above. However, in all regimes, increasing the intensity
of initial state always benefits the precision limit, as shown in Fig. 2. Thus, for an intermediate photon loss rate, the
best strategy to hold the precision limit is to use a high intensity odd state as the input state. However, for a low
photon loss rate, one should be more careful since the increasing of the intensity may requires a changed parity for
optimal precision limit. And to keep the odd parity to be optimal, a higher intensity is required with the decrease of
the photon loss rate (the increase of the transmission rate T ).
B. Asymmetric losses
For asymmetric losses scenario, δT 6= 0. To find the PMC, the derivative of QFI on sin Φ needs to be calculated.
Based on Eq. (15), it is
∂F
∂ sin Φ
= −2δTN2α|α|2e−2|α|
2
sin Θ(1− 4TN2α|α|2)− 2T 2|α|4
(
∆ + 4N4αe
−4|α|2 sin2 Θ
)
sin Φ. (24)
Due to the fact ∂
2F
(∂ sin Φ)2 < 0, the solution for above equation gives the maximum value of QFI, i.e., the optimal Φ
needs to satisfy
sin Φ = N ′ex :=
N2α(4TN
2
α|α|2 − 1) sin Θ
T 2|α|2 (∆e2|α|2 + 4N4αe−2|α|2 sin2 Θ)δT. (25)
The solution for this equation relies on the values of Θ. However, similar to the symmetric scenario, sin Φ is restrained
in the regime [−1, 1]. Hence, when N ′ex ∈ [−1, 1], the PMC is the solution for above equation, especially, if the input
state is an even state, i.e., Θ = 0, the PMC then reads Φ = 0. For case that N ′ex > 1, the PMC is Φ = pi/2, and for
N ′ex < −1, the PMC is Φ = 3pi/2.
For a low intensity input (|α| is very small), N ′ex ≈ 12T tan Θ2 − sin ΘδT4T 2|α|2 . Its relation between the regime [−1, 1]
highly relies on the value of Θ and the sign of δT , indicating no constant PMC exists. A more concerned case is with
a high intensity input. In this case, N2α ≈ 1/2 and ∆e2|α|
2 ≈ e2|α|2(1−T ) + e2|α|2(1−R). Since 1− T and 1−R always
take different signs as T +R = 2, ∆e2|α|
2
is very large here. Thus, N ′ex approximates to zero. Based on Eq. (25), the
PMC here is Φ ≈ 0 or pi. Namely, for an asymmetric loss scenario with a high enough intensity input, the PMC can
still be independent of Θ and the transmission rates. Another benefit of this PMC is that Fm is insensitive to the
sign of δT (since it only exists together with sin Φ), i.e., the information of which path has a more severe leak is not
7required here. Taking this PMC (Φ = 0, pi), Fm approximates to
Fm ≈ T |α|2, (26)
which is independent of Θ. Figure 3 shows the difference between Eq. (15) and T |α|2 for different parameter settings.
Generally, a larger transmission rate requires a larger |α| to converge to T |α|2. However, for the specific parameters
given in the figure, all Fm converge before around |α| = 3.0, which means T |α|2 is a very good approximation here
for |α| > 3.0 regardless the values of T , δT and Θ. Thus, for the asymmetric losses scenario, one efficient strategy to
restore the precision limit is inputting a high intensity state satisfying the PMC.
C. The scaling
The average total photon number n¯ for the input state in Eq. (12) is
n¯ =
2|α|2
1 + e−2|α|2 cos Θ
. (27)
For a large |α|, n¯ ≈ 2|α|2. In the symmetric losses scenario, Eqs. (20) and (21) indicate max
Θ
Fm ∝ n¯ for a nonzero R,
which means it can only reach the standard quantum limit in these regime. For Eq. (22), max
Θ
Fm ∝ n¯2, i.e., it can still
attain the Heisenberg scaling, however, the allowed value of |α| in this regime (shown in Fig. 2) is very limited, and the
absolute value of max
Θ
Fm is still worse than Eq. (20) with a large |α|. Therefore, the scaling of max
Θ
Fm for symmetric
losses can only provide a precision at the standard quantum limit. For asymmetric losses scenario, taking into account
the PMC, Fm approximates to T |α|2 for high intensity state, i.e., proportional to n¯, the standard quantum limit.
This phenomenon coincides with some other cases that the precision limit is bounded by the standard quantum limit
when local noise exists [3, 4, 49, 58, 59].
V. CONCLUSION
This paper focuses on the phase estimation of a su(2) Mach-Zehnder interferometer, in which the unknown parameter
φ is encoded by a phase shift in one arm. The input states is a coherent state |β〉 and a superposition state of coherent
states Nα(|α〉+ eiΘ| − α〉). Both perfect and imperfect scenarios are considered. For the perfect scenario, the phase-
matching condition to optimize the QFI is given. With this condition, the QFI can be further improved by taking
Θ = pi, i.e., using an odd parity state (cat state). For the imperfect scenario, the photon losses in both arms are
simulated by two fictitious beam splitters. The general analytical expression of QFI are provided, as well as the phase-
matching condition and optimal Θ to maximize QFI. In the symmetric losses case, the phase-matching condition is
unchanged compared to the lossless case. Furthermore, there exists a small parameter regime for total transmission
rate T and |α| that optimal Θ is sensitive to them. To avoid this regime, one strategy is using a high intensity input
state, of which the precision limit is at the standard quantum limit. However, it should be noticed that for a large
T , increasing the intensity may requires the change of parity from even to odd in the mean time, and to keep the
odd parity as the optimal one, a higher intensity is required with the decrease of the photon loss rate (increase of T ).
In the asymmetric losses case, taking the approximated phase-matching condition, an efficient strategy to avoid the
sensitivity of maximum QFI on Θ and restore the sensitivity is also using the a high intensity input state satisfying
the PMC.
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Appendix A: Derivation of QFI for imperfect interferometer
The input state we choose in this paper is
|ψin〉 = |αei(Φ+pi2 )〉 ⊗Nα(|α〉+ eiΘ| − α〉). (A1)
For the first 50:50 beam splitter, the state becomes |ψ0〉 = Bx
(
pi
2
) |ψin〉. Utilizing the formula
BTx |α〉A|β〉A′ =
∣∣∣α√T + iβ√1− T〉
A
∣∣∣β√T + iα√1− T〉
A′
, (A2)
where BTx = exp(i2 arccosTJAA
′
x ) and being aware of the fact T = 1/2 for 50:50 beam splitter, |ψ0〉 can be written as
|ψ0〉 = Nα
(|if+〉A|f−〉B + eiΘ| − if−〉A| − f+〉B) , (A3)
where f± := α√2 (1±eiΦ). Recall the fictitious beam splittersB
T1
AC, B
T1
BD as exp(i2 arccos
√
T1J
AC
x ) and exp(i2 arccos
√
T2J
BD
x ),
where C, D are labels of two fictitious output ports with c (c†) and d (d†) the annihilation (creation) operators and
JACx =
1
2 (a
†c+ ac†), JBDx =
1
2 (b
†d+ bd†). Assume the input states of the fictitious input ports are vacuum, and after
the photon losses, the output state |ψ1〉 can be written as
|ψ1〉 = Nα
(
|A〉| − f+
√
R1〉C|if−
√
R2〉D + eiΘ|B〉|f−
√
R1〉C| − if+
√
R2〉D
)
, (A4)
where |A〉 := |if+
√
T1〉A|f−
√
T2〉B and |B〉 := | − if−
√
T1〉A| − f+
√
T2〉B. R1 = 1− T1, R2 = 1− T2 are the reflection
rates. The reduced matrix can then be calculated as
ρ1=TrCD(|ψ1〉〈ψ1|)
=N2α
[
|A〉〈A|+|B〉〈B|+prei(|α|2δT sin Φ−Θ)|A〉〈B|+pre−i(|α|2δT sin Φ−Θ)|B〉〈A|
]
, (A5)
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where pr = e−|α|
2R with δT = T1 − T2 the transmission difference. Notice |A〉 and |B〉 are not orthogonal due to the
fact 〈A|B〉 = ptei|α|2δT sin Φ with pt = e−|α|2T and T = T1 + T2 the total transmission rate.
Now we introduce an orthogonal basis {|A〉, |A⊥〉}, where
|A⊥〉 = 1√
1− p2t
(
|B〉 − ptei|α|2δT sin Φ|A〉
)
. (A6)
In this basis, ρ1 can be written as
ρ1 = N
2
α
(
1 + p2t + 2e
−2|α|2 cos Θ
√
1− p2t
(
pt + pre
−iΘ) ei|α|2δT sin Φ√
1− p2t
(
pt + pre
iΘ
)
e−i|α|
2δT sin Φ 1− p2t
)
, (A7)
The eigenvalues for this matrix are λ± = N2α(1±
√
∆)/2 and corresponding eigenstates |λ±〉 are
|λ±〉 =
(
v±
pt + pre
−iΘ√
p2t + p
2
r + 2e
−2|α|2 cos Θ
∓ ptv∓√
1− p2t
)
|A〉 ± v∓e
−i|α|2δT sin Φ√
1− p2t
|B〉, (A8)
where we have used the expression of |A⊥〉. The coefficients read
v± =
1√
2
√
1± p
2
t + e
−2|α|2 cos Θ√
∆(1 + e−2|α|2 cos Θ)
, (A9)
=
1√
∆
√
∆
2
±
√
∆N2α(p
2
t + e
−2|α|2 cos Θ), (A10)
∆ = 1− 4 det ρ1. (A11)
